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Abstract 

There is a well-known conjecture of Serre that any continuous, 
irreducible representation p : Gq — > GL2(F p ) which is odd arises 
from a newform. Here Gq is the absolute Galois group of Q and F p 
an algebraic closure of the finite field F p of p elements. We formulate 
such a conjecture for n-dimensional mod I representations of iri(X), 
for any positive integer n, and where A is a geometrically irreducible, 
smooth curve over a finite field k of characteristic p (p ^ £), and 
prove this conjecture in a large number of cases. In fact a proof of 
all cases of the conjecture for £ > 2 follows from a result announced 
(conditionally) by Gaitsgory in |Gaj . The methods are completely 
different. 



1 Statement of main result: analog of Serre's 
conjecture for function fields 

Let X be a geometrically irreducible, smooth curve over a finite field k of 
characteristic p and cardinality q. Denote by K its function field and by 
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X its smooth compactification and set S := X \ X . Let 7Ti(X) denote the 
arithmetic fundamental group of X. Thus 71"! (X) sits in the exact sequence 

0^ir 1 (X)^7r 1 (X)^G k ^0, 

where X is the base change of X to an algebraic closure of k, and Gf denotes 
the absolute Galois group of any field F. 

We study here mod £ representations of iri(X), i..e, continuous absolutely 
irreducible representations p : tt\(X) — > GL ra (F) with F a finite field of 
characteristic i 7^ p. In this paper we are mainly interested in an analog 
of (the qualitative part of) Serre's conjectures in jSej in the function field 
situation. 

Let us fix once and for all an embedding 1 : Q e — > Q^. Then with re- 
spect to this embedding 1, there is a correspondence between n-dimensional 
£-adic representations of iri(X\T) with finite order determinant and suitably 
ramified cuspidal eigenforms (or equivalently cuspidal automorphic represen- 
tations with a newvector fixed by a suitable open compact of GL n (A.jc)) on 
GL n (Ax) with finite central order character, for any finite set T of places of 
X. This correspondence is the global Langlands correspondence for functions 
due to Drinfeld and Lafforgue (see |Drj and |Lafj ). 

We call a residual representation p automorphic, if it is isomorphic to the 
residual representation attached to (an integral model of) an n-dimensional 
continuous representation ni(X \ T) — > GL n (Q e ) that is associated to a 
cuspidal automorphic representation of GL n (A K ) in |Drj and |Lafj for some 
finite set of places T. An analog of Serre's conjecture in the function field 
setting is therefore that any absolutely irreducible residual representation p 
is automorphic. It is worth noting that unlike in the classical setting here 
there are no "local conditions" that need to be imposed on p to expect it to 
be automorphic. In view of |Laf| this conjecture is equivalent to the assertion 
that any such p lifts to an £-adic representation of tti(X \ T) of finite order 
determinant for some finite subset T of X. 

There is little known about Serre's original conjecture, while the analog 
that we study for function fields is more accessible because of the results in 
|Drj and |Laf| . Moreover the main result of |dJj directly implies that the 
function field analog of Serre's conjecture holds for n < 2 (for n = 1 it is a 
simple consequence of class field theory). This is strong evidence in favour 
of the analog. In fact, the main conjecture made in |d.Ij may be regarded as 
a refinement of the above analog and easily implies it. 
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In Theorem 12.11 below, we establish the analog in many more cases by 
producing suitable £-adic liftings of p. Our approach uses the Galois coho- 
mological methods of R. Ramakrishna, |Raj , and their further refinements by 
R. Taylor in |Taj . The following is an important special case of Theorem 12. II 

Theorem 1.1 Let X be a smooth, geometrically irreducible curve defined 
over a finite field k of characteristic p, and ~p : tci(X) — > SL n (F) be a repre- 
sentation with F a finite field of characteristic £ ^ p. Assume that 

(i) ~p has full image, |F| > 4, £J(n, and 

(ii) at any v G S the ramification is either tame or of order prime to i. 

Then p lifts to a representation p : 7Ti(X\T) — > SL n (W(F)) with T a finite 
set of places of X and W(F) the Witt vectors ofF. Hence p is automorphic. 

What is mainly needed in the proof are that the adjoint representa- 
tion ad°(p) of p on the traceless matrices of M n (F) is irreducible and that 
i/ 1 (im(p), ad°(p)) is (almost) zero. It is this lifting result, which is a con- 
sequence of de Jong's conjecture, and that we prove under the technical 
assumption above, that seems to be crucial for the applications of de Jong's 
conjecture by Drinfeld in |Drlj to some purity conjectures of Kashiwara on 
perverse sheaves. For i > 2 a proof of all cases of Serre's conjecture, that 
depends on some "unpublished mathematics" , follows from the work of Gaits- 
gory, cf. |Gaj . The methods are completely different and while Gaitsgory's 
work should prove the conjecture in totality for £ > 2, our methods apply in 
characteristic 2. 

In a continuation (part II) of this work we study the conjecture of A.J. de 
Jong from |dJj which is about deformations of representations of the type p 
studied in this paper. For this we will use the lifting result of this paper. 
In fact proving de Jong's conjecture was the main motivation for this work. 
Our results towards de Jong's conjecture yields that in many cases p arises 
from a cuspidal eigenform form of level the conductor of p, where by "arises 
from" we mean is isomorphic to the reduction of the n-dimensional ^-adic 
representation (which might no longer have coefficients in Witt vectors) as- 
sociated to the eigenform, thus proving results towards the analog of Serre's 
conjecture in its "quantitative aspect" . 
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2 Proof of the main result 



Our main goal is to prove a general criterion for a residual representation 
to lift to a charactersitic representation which will then give a proof of 
Theorem 11.11 upon using Lafforgue's theorem. We start by first making all 
the necessary definitions to state a result, Theorem 12 .![ that is more general 
than Theorem ll.il but is more technical to state. After stating the Theorem 
12.11 we will first quickly derive Theorem 11.11 from it. Then in the following 
sections we will, following Ramakrishna, |Raj . and Taylor, |Taj . give the 
proof of Theorem 12.11 For the general background on Galois cohomology of 
function fields, the reader is referred to jNSWj . Ch.7 and 8. 

Let us fix some notation. For a place v of X denote by q v the cardinality 
of the residue field at v. Let G v D I v D P v be the absolute Galois group 
of the completion of K at v, its inertia and wild inertia subgroup, respec- 
tively. We also choose an embedding G v — > Gk- For any curve X C X 
this yields morphisms G v /I v tci(X), and by Frob„ G K\(X) we denote the 
corresponding Frobenius-substitution at v G X. 

We fix a residual representation p: tti(X) — > GL„(F), where F is some 
finite field of characteristic I ^ p. Denote by ad(p) the module M n (F) 
considered as a 7ri(X)-module via the adjoint action composed with p and 
by ad°(p) the subrepresentation on the traceless matrices M°(F) of M n (F). 
If M is an F[7Ti(X)]-module, then M(i), i G Z, denotes the twist of M by 
the i-th tensor power of the cyclotomic mod £ character x '■ ^lPO > F|, 
and M* denotes the representation Hom(M, F). Note that ad°(p) = ad°(p)* 
if £j(n. For M as above, we also define h l {jx x {X), M) := dim F H^n^X), M) 
and similarly with iri(X) replaced by some G v . 

To state the main technical theorem, we need to introduce some further 
notation. Let Q be a primitive £-th root of unity of K and denote by E the 
splitting field of p over K, i.e., the fixed field of p in a fixed separable closure of 
K. Recall that a matrix A G GL n (F) is called regular, if dimp M n (F) A = n, 
where A operates via the adjoint action, i.e., via conjugation. 

We call a conjugacy class [a] of Gdl(E(Q) / K) an R-class or Ramakrishna- 
class for ~p if A :— p(cr) is regular and one of the following two cases holds: 

(I) 7^ 1 and A has distinct simple roots A, A' G F with A' = x(cr)A. 

(II) x( a ) = 1 an( i m the Jordan decomposition of A there occurs at least 
one 2x2 block with eigenvalue A G F. 
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We call a place v of X an R-place for J) if the class of Frobt, in Gal(E(Q)/K) 
is an i?-class. Note that if an i?-class exists, then by the Cebotarev density 
theorem, there exist infinitely many i?-places. 

While the main use of i?-places is to provide locally some freedom for 
lifting, they can also be useful to remove global obstructions. To describe 
this, denote by V the space F n considered as a representation of ^i(X) via p 
and let a be an i?-class of type (II). The indecomposable summands of V are 
denoted by V*, and ad(p)j (ad°(p)i) denotes the corresponding representation 
on (the trace zero matrices of) End(V^), considered as a representation of 
(a). Let Aj be one of the eigenvalues of V*. We define 

ad°(p) CT := J] ad °^ W 

mult(A^) = 2 

Since V = (BiVi there is a (<r)-morphism ad°(p) — > ad°(p) cr . We say that p 
admits sufficiently many R-classes if there exists at least one i?-class and if 
the restriction morphisms (composed with ad°(p) — > ad°(p) CT at i?-places) 

^(GaWO)/^), adV)) -n^^ 

a an R— class V(!zS 
of type(II) 

H\G&\(E(( e )/K), ad^p)(l))^n^ 1 (( ff )' ad0 (P)-)©n /jl ^)' ad °^)( 1 )) 

cr an K— class V(zS 
of type(II) 

are injective. Note that ad°(p)*(l) = ad°(p)* = ad°(p) CT for .R-classes of 
type (II). 

Our main result in this chapter is 

Theorem 2.1 Let X be a smooth, geometrically irreducible curve defined 
over a finite field k of characteristic p ^ I, and p : ^i(X) — > GL n (F) be a 
continuous representation. Assume that 

(a) ad°(p) is irreducible over F^[im(p)] ; 

(b) p has sufficiently many R-classes, 

(c) at all v G S the ramification is either tame or of order prime to £. 
Then p lifts to a representation p : tti(X\T) — > GL n (W (F)) where 
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(i) T is a finite set of places of X , 
(ii) det p is the Teichmiiller lift of det p, 
(Hi) forv G S the conductors of p andp agree, and 

(iv) if~p is tame at v, then p(I v ) ~p(I v ), i-e-, P is minimal at v. 

Note that we do not need that ad°(p) is absolutely irreducible. Note also that 
the condition that ad°(p) is irreducible implies that £ does not divide n, since 
in the case £\n, the representation ad°(p) contains the trivial representation 
on scalar matrices as a non-trivial submodule. 

As an application of Lafforgue's theorem, we find. 

Corollary 2.2 Any p as in the previous Theorem is automorphic. 

We have the following example for the existence of sufficiently many R- 
classes. Combined with the above theorem it completes the proof of Theo- 
rem 

Proposition 2.3 Suppose p : iri(X) — > SL n (F) is surjective, £J(n, £ ^ p 
and |F| > 4. Then ~p admits sufficiently many R-classes. 

PROOF: Let us first show the injectivity of the two restriction morphisms 
considered above Theorem 12.11 If |F| > 5 or n > 2, then by |CPSj we have 
J H" 1 (SL„(F),M°(F)) = 0. In this case it easily follows, e.g., jEoT] . §5, that 

H\G&\(E(Q)/K)^d\-p)) = if 1 (Gal( J E(O)/ir),ad (p)(l)) = 0. 

In the remaining case, note first that by loc. cit., if x is non-trivial, one 
has F 1 (Gal( J E(0)/^),ad°(p)(l)) = 0. Finally, in jE] it is shown for n = 2 
and F = F5 how to find an i?-class o such that the kernel of 

F = H l (G a \(E(( e )/K), a d°(p)) - H\(a), a d (p)) 

is trivial (in this particular case one has ad°(p) cr = ad°(p)). If x is trivial, 
the same class also works for ad°(p)(l) = ad°(p). 

It remains to prove the existence of at least one i?-class. For this, note 
that SL n (F) has no abelian quotients, and therefore the morphism 

px X :7r 1 (X)-^GL n (F)xF 
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surjects onto SL n (F) x im(x). Since SL n (F) contains matrices of type (II), 
the existence of an .R-class is obvious. Furthermore, if im(x) is non-trivial, 
then one may also find matrices of type (I). This completes the proof of the 
proposition. ■ 



2.1 Strategy of the proof of Theorem 12.11 

Our method of producing lifts is essentially that of Ramakrishna, cf. |Raj . 
However we will follow the more axiomatic treatment as presented in |Taj . 
Let us fix from now on a representation p: TTi(X) — > GL n (F) which satisfies 
the conditions of Theorem 12.11 and let n > 2, since n = 1 is trivial by 
using Teichmuller lifts. Therefore in the following we assume that ad°(p) is 
irreducible over F^[im(p)] (and hence also £J(n). Also define r\ : ni(X) — > 
W(F) as the Teichmuller lift of detp and for any place v define restrictions 
Vv ■= V\g v and p v := p {Gv . 

The strategy in |Raj to produce lifts of p to W(F) is to first consider all 
deformations of p which are representations of tti(X\T) for some fixed finite 
subset T of i?-places of X and which at the places in S U T are allowed to 
only have ramification of a very specific type. Without loss of generality, we 
assume that p is ramified at the places in S and call these residually ramified 
places or simply r-places. 

The type of ramification is most conveniently formulated in terms of local 
deformation problems C v at places v G S U T. In this formulation, locally the 
crucial requirement is that the resulting versal hull is smooth over the ring 
W(F) of relative dimension h°(G v , ad (p)). In Sections 12.21 and f2.31 we will 
define such C v for R- and r-places, respectively. 

The global requirement on T and the types C v is made in such a way that 
one can inductively construct lifts of p to the rings W n (F) of Witt vectors 
of length n. It can be entirely formulated in terms of Galois cohomology. 
In this section we will recall the necessary background from |Taj and give 
a proof of the main theorem pending on a key lemma, whose proof will be 
given in the later Section |2~H 

Let A denote the category of complete noetherian local W / (F)-algebras 
(R, itir) with residue field F and where morphisms are morphisms of local 
rings which are the identity on the residue field. By a lift of determinant 
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T] v of p v we mean a continuous representation p : G v — > GL n (i?) for some 
(R, m R ) E A such that p(mod ttir) = p v and det p = rj v . 

We call a pair L v ), where C v is a collection of lifts of p v of determinant 
r] v , and where L v is a subspace of H l (G v , ad°(p)), (locally) admissible and 
compatible with r] v if it satisfies the conditions P1-P7 of |Taj . where in loc. cit. 
one has to replace m by m# and M 2 (m) by M n (m^) in property P2. 

Remark 2.4 Observe that the conditions of loc. cit. imply in particular 
that the versal hull of the deformation problem C v exists and the corre- 
sponding versal deformation ring is smooth over M^(F) of relative dimension 
dim L v . Heuristically one would expect the versal deformation ring of all 
deformations of p v with fixed determinant to be a complete intersection, flat 
over VT(F) and of relative dimension h°(G v , ad°(p)). Therefore one expects 
dimL,, < h°(G v ,ad°(p)). 

Suppose one is given a finite set T C X and for each v E S U T a locally 
admissible pair (C V ,L V ) compatible with r) v . Then a lift of type {C v ) v£ sut, is 
a continuous representation p: iti(X\T) — > GL n (i?) for some (R, XU-r) E A 
such that p(mod ttir) = p, p\ Gv E C v for all v E S U T and det p — r\. 

To describe tangential conditions on the above lifts, we need to fix some 
more notation. For v a place of X and M a G„-module, the pairing MxM* — ► 
F defined by evaluation is obviously perfect. Tate localy duality says that 
the induced pairing 

H\G V , M) x H\G V , M*(l)) — > H 2 (G V , F(l)) = F (2) 

is perfect as well, and one denotes for any F-submodule L C i/ 1 (G, ; ,M) its 
annihilator under this pairing by L L C H 1 (G V ,M*(1)). In the particular 
case of the subspace of unramified cocycles 

H^ m (G v ,M) := H\G v /I v ,M l ") c H\G V ,M) 

one finds fl^G,,, M) L = H^ m (G v , M*(l)). 

We now specialize to the situations of interest to us, i.e., to M — ad(p) 
and M = ad°(p). Note first that ad(p) is self-dual via the perfect trace 
pairing ad(p) x ad(p) — > F : (A, B) \— > Trace(AB). Because £ does not divide 
n, this pairing restricts to a perfect pairing 

ad°(p) x ad°(p) — > F, (3) 
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and local Tate duality induces the perfect pairing 

^(G^ad^p)) x H X {G V , ad°(p)(l)) — > H 2 (G V , F(l)) = F. (4) 

For a finite subset T of X and a collection (L v ) ve suT of subspaces of 
^(Gy, ad°(p)) one defines H^ L ^(T, ad°(p)) as the kernel of 

H\^X \ T), ad°(p)) — > ©^sur^C, ad°(p))/L v . 

Note that H^ Lv y(T, ad°(p)) does depend on S even though S does not explic- 
itly appear in the notation. 

Ramakrishna's first observation is the following: 

Lemma 2.5 Suppose one is given locally admissible pairs (C v , L v ) ve suT 
compatible with 77 such that 

tf| L x } (T,ad°(p)(l))=0. 

Then there exists a lift ofp to W(F) of type (C v ) v£ sut- 

The proof is essentially that of |Taj . Lemma 1.2, and so we omit the 
details. 

Remark 2.6 Mimicking the proofs of [DDTJ, Thms. 2.13, 2.14, one ob- 
tains for a 7Ti(X\T)-module M and subspaces L v C M) for v G SUT 
the formula 

\Hj Lv} (T,M)\ _ \H»MX),M)\ n I L„ I 
|iff^ } (T,M*(l))| \H^ X {X) : M*{1))\ v n T \H°(G v ,M)l 

In our situation M = M* = ad°(p), the first quotient on the right is 
clearly 1. Thus by Remark 12 A\ one expects the product on the right to 
have the value at most 1. Furthermore, this should happen precisely when 
dimL„ = h°(G v , ad°(p)) for all v £ S U T. Therefore if the hypothesis of the 
above lemma are satisfied, then one expects 

dim^ { 1 L4 (T,ad°(p)) = 0. 

In terms of deformation theory, this can be interpreted by saying that the 
universal deformation ring of type (C„)„ e suT is smooth over W(F) of relative 
dimension zero, i.e., isomorphic to W(F). 
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Note that the above formula also holds for S U T = 0, even though the 
duality results in |NSWj are not proved in this case. The reason is that in 
this case the right hand side is 1 and because of H°(iri(X), ad°(p)) = 0, the 
left hand expresses that fact that the Euler-Poincare characteristic of the 
unramified F[7Ti(X)] -module ad°(p) is zero. 

We need to slightly generalize the concept of sufficiently many .R-classes 
for the following result: Suppose we are given locally admissible (C v , L v ) vE sut 
which are compatible with 77. We say that p admits sufficiently many R- 
classes for (C v , L v ) v£ sut if there exists at least one .R-class and if the kernels 
of the restriction morphisms (composed with ad°(p) — > ad°(p) CT at .R-places) 

/f 1 (Gal( J E;(O)/ir),ad (p))niJ { 1 L4 (T,ad (p))^ J] H\(a), ad°(p) CT ), 

er an R — class 
of typc(II) 

H\G & \(E(Q)/K)M°(pm nHl H} (TM°mi)) - II H\(a)M°(p)*) 

a an R — class 
of typc(II) 

are zero. 

The main observation of Ramakrishna, if adapted to our situation, is the 
following key lemma: 

Lemma 2.7 Suppose one is given a finite set of places T'cl and locally 
admissible (C v , L v ) veS uT' which are compatible with r\ and such that 

^dimL„ >Y,h (G v ,ad°(p)). 

If J> admits sufficiently many R-classes for (C v , L v ) v£S ut' , then one can find 
a finite set of R-places T C X and locally admissible (C v ,L v ) ve T compatible 
with 7], such that 

if { 1 i x } (Tur,ad (p)) = 0. 

The proof of this lemma will be given in Section EOl Let us now explain how 
this will give a proof of Theorem 12.11 

In the following two sections, we will define good local deformation prob- 
lems at certain unramified primes and at ramified primes where the ramifi- 
cation is either of order prime to £ or prime to p. We then apply Lemma \'2. 71 
with X" = and assume that p ramifies at all places of S. In order to do 
that we also have to check that if p has sufficiently many .R-classes, then 
this implies that p has sufficiently many .R-classes for (C v ,L v ) veS where the 
(C v , L v ) will be defined below. Once this is shown the theorem follows easily 
from the above two lemmas. The full proof is given at the end of Section |2~^1 
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2.2 Local deformations at i?-places 



In this section, we will define locally admissible deformation problems C v at 
i?-places v compatible with the Teichmiiller lift rj v : G v — > W(F) of detp v , 
cf. Proposition 12.101 So for the remainder of this section, we fix an .R-place 
v, and denote by o the image of Frob„ in Gal(E(Q)/K), so that [a] is an 
i?-class. We also fix an eigenvalue A G F of A := p(er) as required in the 
definition of an .R-place. 



The definition of C v at an .R-place 

Using the rational canonical form, we may assum that A is given in the form 

Ax \ 



A 



A r J 



where each Ai is a square matrix of size rii, the matrices A* for % > 1 are in 
rational canonical form and act indecomposably, and the matrix A\ has the 
following form depending on our our two cases: 

/ Ay(o-) \ . , T , . , / A 1 \ . , TT , 

A\ = I OA/ m CaSe a V A / m CaSe ' 

Note that in case (II) the Ai are in bijection with the irreducible representa- 
tions Vi used in the defining formula (TTJ). Because the A± act indecomposably, 
the eigenvalues form a single Galois orbit and the Jordan canoncal form of 
an Ai consists of identical blocks for each of the eigenvalues. Because A is 
regular, different Ai have distinct orbits of eigenvalues. Also clearly each Ai 
is again regular. 

For i = 2, . . . , r we define 

Pv,i- G v — ► GL n (i?„ 5 j) 

as the versal unramified deformation of p v i : G v —> GL n (F) defined as the 
restriction of p to the i-th block. 

For the definition in case % — 1, let Z be the profinite completion of Z and 
Z' the prime-to-p completion of Z. Let s, t be topological generators of Z and 
Z', respectively. For q a power of p, and thus prime to £, define G q := Z' x Z, 
where the semidirect product is given (in multiplicative notation) by the 
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condition sts^ 1 = t q . Then G Qv can be identified with the tame quotient of 
G v in such a way that t is a generator of l v j P v and s is a lift of Frob„ G G v j I v . 
By p G W(F) we denote the Teichmiiller lift of any element p of F, by 

Qv '■= Wxl ")) an d we se t 5 to be in case (I) and 1 in case (II). We now 
define R V}i := W(F)[xi tQ , x lt i] and p v y. G v — »• G q . v — > GL^i^) by 

5 _ [ (MP) )^ /2 (l - *0 * and ^f 1 

S { A 9 T 1/2 (1— J VO 1 J' 

The necessary condition Pj,,i(s)p„,i(£) = p Vj i(t) qv p V) i(s) can easily be verified. 
Combining the above, we define 

r r 

R v := <§> /f JJdet p„,i(s) - Vv(sj) , 

i=l 

with g) formed over W(F), and the corresponding representation p v : G v — > 
GL n (R v ) as ®p Vt i (where the entries are taken modulo the ideal generated 
by IYi=i det PvA s ) ~Vv(s)). 

To investigate the resulting representations, we first need a simple result 
on the individual p v ^. For this we denote by ad(p)j the adjoint representations 
of the Ai and by the ad°(p)j its subrepresentation on trace zero matrices; i.e., 
in case (II) they agree with those defined in Then obstruction theory 
easily shows the following: 

Lemma 2.8 Let i be in 2, ... ,r. Then the versal deformation p v ^ is 
smooth over W(F) of dimension h l (G v , ad(p)j) = rtj. Ifijfrii and ifrji is any 
lift of det fa to W(F), then the versal deformation of determinant equal to rji 
is smooth of dimension h}(G v , ad° (p)j) = rii — 1. 

Corollary 2.9 Assume that there exists an i such that I does not di- 
vide n-i. Then R v is smooth over W(F) of relative dimension n — 1 = 
h°{G v ,a,d°{p)). 

Note that for £J(n such an always exists. 

Proof: By the preceeding lemma, the ring ® i= ±R v ,i is smooth of dimension 
n. Because the Ai have distinct sets of eigenvalues for different i we have 
h}{G v , ad(p)) = /i 1 (G„, ad(p)j) = n. Moreover if one of the n« is not 
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divisible by £, then it is easy to see that h 1 (G v , ad°(p)) = ad(p)) — 1. 

Let iq be the corresponding index. 

We now prove the smoothness of R v . The previous lemma applied to io 
say that there is a system of local coordinates of R v ^ such that det p«,i (s) = 
rji (s)(l + x) where x is one of these coordinates. If we regroup the defining 
relation of R v , it yields therefore the relation 

Vv(s) JJdetp-J(s) = r) io (s)(l+x), 

and the variable x does not occur on the left hand side. Thus the relation 
eliminates the variable x, which is one of the local coordinates in a suitable 
set of such for the ring ®iR v ^. Because <S>j-R„,j is smooth over W(F) of 
relative dimension n, so is R v of relative dimension n — 1. ■ 

The following defines a pair (C V ,L V ) compatible with rj v : The functor 
C v : A — > Sets is given by 

R i — ► C V (R) := {p: G v ^ GL n (R) \ 3a E Rom A (R v ,R), 

3M e 1 + M n (m R ) : p = M(a o p„)M -1 } . 

Moreover, if p : G„ — > GL n (F[e]/(e 2 )) denotes the trivial lift of p, the sub- 
space L v C H 1 [G V , ad°(p)) is the set of 1-cocycles 

{c : G v -+ ad°(p) : g » \p{g) p 1 (g) -I)\pE C v (F[e}/ (e 2 ))} 

and L„ iUnr C H^ nr (G v , ad°(p)) is the intersection L v fl H^ m (G v , ad°(p)). 
Proposition 2.10 (%) dintF-^ = 1 + diniF L„ illTir = n — 1. 
(mJ T/ie pair (C v , L v ) satisfies conditions P1-P7 of ITdf 



Verifying the axioms for C v 

Our first aim is to prove the assertions on the dimensions in the above propo- 
sition. For this we need a closer analysis of H l (G v , ad°(p)). Observe first that 
by repeatedly applying the Leray-Serre spectral sequence to G v D I v D P v 
and ad°(p), one obtains the short exact sequence 

- ad°(p)/(a - l)ad°(p) -> H X {G V , ad°(p)) - (ad°(p)(-l)) CT -> (5) 
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and an isomorphism H l (G v , ad°(p)) = H l (G qv , ad°(p)). 

The above short exact sequence can be interpreted in terms of 1-cocycles 
representing cohomology classes. Namely any 1 cocycle c of G qv with values 
in ad°(p) is uniquely determined by its values c(s), c(t). These are subject 
to the conditions c(s) G ad°(p) and c(t) G (ad°(p)(— l)) s , i.e., c(t) G ad°(p) 
satisfies sc(t) = ^c(t). Furthermore the 1-coboundaries are precisely the 

1-cocycles with c(s) G (s — l)ad°(p) and c(t) = 0. 

To determine L v , we state the following simple lemma without proof: 

Lemma 2.11 Suppose A G GL n (F) is regular. Let V be the F[A]-module 
on F n defined by A and suppose V = @Vi is a direct sum decomposition 
as a F[A]-module. Let the corresponding ad(p)j be defined as above. Then 
ad(p)/[ad(p),A] = ® i ad(p) i /[ad(p) i , A). 



Proof of Proposition 12. Kjfij] Let us fix local coordinates Xij, j — 1, . . . , rij 
of the rings R v ^, i = 2, . . . , r. We also enumerate them, so that the variable 
t in the proof of Corollary 12.91 is given by Xj 0i i. 

Let first Co be the 1-cocycle that arises from R v — > F[e]/(e 2 ) by mapping 
the Xij, j > 1 and (i, j) ^ (io, 1), to zero and xi 5 o to e. (The image of Xi 0; i 
is determined by the Xij with j > 1.) The correspondonding element in 
L v is easily seen to non-zero and ramified. Moreover all cocycles obtained 
from an assignment where xio maps to zero are unramified. This shows 
L v L V UI1I -\- 1. 

Let L' v be the set of cocycles corresponding to the ring R' := <S>iR V) i/(x 1)0 ). 
The subspace defined from R Vj i/(xi )0 ) is 1-dimensional, that from R v ti , i > 1, 
has dimension n« by Lemma 12.81 The previous lemma implies dimp L' = 
1 + Yli>i n>i = n — 1 which in turn is the relative dimension of R' over W(F). 
Because R v / (^i,o) is a smooth quotient of R' of relative dimension n — 2 this 
yields dimp L VtUnr = n — 2, as asserted. ■ 



Proof of Proposition !2.1C|ni)| The only non-trivial condition to verify is P4. 
For this let us first prove the following: 

Lemma 2.12 Let R be in A and a, a' G Hom_4(i?„, R) such that there ex- 
ists M G Q\j n (R) congruent to the identity modulo m^, with M(ao p 1 ,)M^ 1 = 
a' o p v . Then a o p v (s) = a' o p v (s), so that in particular M commutes with 
a o p v (s). 
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PROOF: We use the same local parameters for R v as in the proof of Proposi- 
tion l2.1Ul (i). The matrix p(s) has entries in the power series ring over W(F) 
in the variables Xij. By p(s) r we denote the part of p(s) that is homogeneous 
of degree r, so that p(s) = J2^Lo P( s )r- The assertion dimp L„ iUnr = n — 2 
of Proposition 12.101 (i) means precisely that the n — 2 matrices g^—p(s)i 
over all i,j with j > 1 and ^ (io, 1) form a basis of the vector 

space L^unr C ad°(p)/(s — l)ad (p). 

Define p := a o p V) p' ■ = a' o p v . Let p( m ) := p(mod rtV~) and introduce 
analogous abbreviations p'i m y (X( m ), «( m ) and M( m ). By induction on m we 
will show that a( m )(xjj) = c/)(xjj) for all i,j with j > 1. This clearly 
implies P( m )(s) = p'r m \(s) for all i, and thus the lemma. The case m = 1 is 
clear and so we now carry out the induction step mnm + l. 

By the induction hypothesis M( m ) commutes with p( m )(s). Because p(s) 
is regular, j|Bo2j, Lemma 5.6, implies that there exists a lift M' of M< m ) to 
GL n (i?/m^ +1 ) which commutes with p( m+1 )(s). By considering M /_1 M( m+1 ), 

we may thus assume M( m+1 ) = / + A for some A £ M„(m^/m~ rH_1 ' ) ). We 
also define elements 5jj := a( m +i) (a^) — a ( TO +i)( x i,j) which by the induction 
hypothesis lie in The expansion of p(s) in homogeneous parts shows 

Pm+i( s ) = Pm+i( s ) +P( s )iU M =5^ in M n (R/mf +1) ), 
and so the condition M (m+ i ) p( m+ i)(s)M ( T]; 1) = p' (m+1) (s) yields 
d 

22 s iJa = P( s )ik,=<^ = A P(m+i)(s) -p (m+ i)(s)A (6) 

in M n (m~J'/m~ n+1 ' ) ). The right hand side is clearly a linear combination of 

coboundaries, of ad°(p)) ® m~ym~ n+1 ' 1 , while the left hand side is a 

linear combination of a basis of the cohomology. Therefore both sides must 
vanish. This concludes the induction step. ■ 

To verify P4, suppose that we are given rings R\, R2 £ A, lifts pi £ C v (Ri), 
ideals Ij £ Rj, and an identification R\jl\ = R2/I2 under which pi(mod I\) = 
p 2 (mod I 2 ). We want to glue the pi to an element p of C V (R) for 

i? := {(ri, r 2 ) £ Ri © i? 2 : n (mod h) = r 2 (mod J 2 )}. 
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So let CKj G Hom_4(i?^, Rj) and Mj G GL n (i2j) such that pi = Mj(a i op 1 ,)M~ 1 , 
i = 1,2. We claim that there exists a G B.om^(R v , R) and M G GL n (i?) 
with M = / (mod mi?) such that p := M(a o p v )M~ l = pi © p 2 . 

By conjugating p\ by some lift of M 2 (mod l\) to we may assume 
that M 2 = I. By the lemma, the matrix Mi (mod I\) commutes with (cti 
(mod Ii)) o p v (s) = (a 2 (mod J 2 )) o p v (s). Using B62 3 , Lemma 5.6, and the 
regularity of p, we may choose a lift M[ G GL n (i?x) of Mi (mod Ii) which 
commutes with «i o p v (s). We now replace M x by M x := M X M'~ V and «i by 
some ai: R v —>■ R±, which differs from ot\ at most on the variable xq, and 
such that 

Mx{& x o Pv )M{ 1 = Afi(oti o p„)Mf x . 

Defining M := (Mi,/) G GL„(i?) and a := (0^,0:2) : R v ^ R, the above 
claim is satisfied, and the proof of [Taj . P4, completed. ■ 

On the local duality pairing 

In analogy to the short exact sequence (0) one also has the short exact 
sequence 

-> ad°(p)(l)/(a - l)ad°(p)(l) -> H 1 (G V , ad°(p)(l)) -> ad ^)" -> 0. 

Thus one may view L subspace of ad°(p)/(cr — l)ad°(p) where a is 

the image of Frob„ in Gal{E{(z)/K) and L^ unr := n H^ m (G v , ad°(p)(l)) 
as a subspace of ad°(p)(l)/(cr — l)ad°(p)(l). While it is clear that the former 
only depends on a and the choice of A, for the latter this is not immediate, 
since it was defined using the pairing (j3J) which in turn was defined using 
Tate local duality. For later use, we now show that in fact also L^ unr C 
ad°(p)(l)/ (er — l)ad°(p)(l) only depends on a. For this, let us fix v and a as 
above and also A and, in case (I), A'. 

Above we observed that cocycles in H % (G Vl ad°(p)) = H' l (G qv ,a,d (p)) 
are determined by their values c(s) G ad°(p)/((s — l)ad°(p)) and c(t) G 
(ad°(p)(— l)) s . Similar interpretations hold for 1-cocycles in the cohomology 
group H\G V , ad°(p)(l)) ^ H l (G gv , ad°(p)(l)). We will now make explicit the 
Tate local duality in terms of cocycle representatives. This requires that we 
make explicit the pairing (j3J), as well as the isomorphism H 2 (G V , F(l)) = F. 

It is well-known and, using the Leray-Serre spectral sequence and the 
fact that Z and Z' are of cohomological dimension one, easy to see that 
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H 2 {G V , F{1)) = H 2 {G_ q ,F{l)) = F. Recall a) that elements of H 2 {G q ,F) 
classify extensions of G q by F and b) that elements of this cohomology group 
may be represented by normalized 2 cocycles, i.e., maps 

[.,.]: G q xG q ^F 

which satisfy [1, g] = [g, 1] = for all g G G q and 

f[g, h] - [fg, h] + [/, gh] - [/, g] V/, g, h e G q . 

Note that in our situation f[g, h] = [g, h]; but we decided to leave / in the 
notation, to remind the reader of the condition of a normalized 2-cocycle also 
in the case of non-trivial coefficients. 

Regarding the duality pairing (jlj), we have the following results: 

Lemma 2.13 In terms of normalized 2-cocycles, the isomorphism 

F 2 (G 9 ,F(1))^F 

is given by 

[.,.]-> [<*,*] + [^ _1 y- i ]-[^- 1 ,*]eF- 
i=i 

Lemma 2.14 With respect to the isomorphism of the previous lemma, 
the trace pairing 

H^GvM ®) x ^ 1 (G„ad°(p)(l)) — > F. 

is given explicitly in terms ofl-cocycles as follows: Let ci andci be 1-cocycles 
of H l (G qvl ad°(p)) and H l (G qv) ad°(p)(l)) ; respectively. Then the image of 
{c\,C2) under the pairing is given by 

Trace (c 1 (s)c 2 (t) - c 2 (s)ci(t)) e F, 

unless £ = 2 and q = 3 (mod 4). In the latter case it is Trace(ci(s)c 2 (t) + 
c 2 {s)c 1 {t)+c 1 (t)c 2 (t)). 

Corollary 2.15 L VjVmI and L^ nnr only depend on o and the choice of 
eigenvalue A. 
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Therefore, in later sections we freely write L a unr . and L^ um . for the respective 
spaces, where a is the image of Frob„ in Gdl(E(Q)/K). If we also want to 
include the choice of A in the notation, we write L a ^ unT and L^ Xma . 
Let us first prove the corollary: 

PROOF: On rings of characteristic £, the definition of C v depends only on 
a. This easily implies that L„ )Unr C ad°(p)/(cr — l)ad°(p), as well as M : = 
L v + Hl nr (G v ,&d°(p))/Hl nr (G v ,&d°(p)) C (ad°(p)(-l)) CT only depend on a. 
Let C\ be any cocycle in L v whose image C\ in M C (ad°(p)(— 1)) CT is a 
generator. Since H^ m (G v , ad°(p)) and Hl IlT (G v , ad°(p)(l)) are orthogonal 
under the trace pairing, Lemma l2. 141 shows that unr is spanned by the set of 
all unramified cocycles c 2 : G qv — ► ad°(p)(l) which satisfy Trace(ci -c 2 (s)) = 0. 
This gives a condition on c 2 (s) E ad°(p)(l)/(a — l)ad°(p)(l) which only 
depends on M, i.e. on a. The corollary is thus proved. ■ 

Proof of Lemma 12.141 We assume that we have proved Lemma 12.131 In 
terms of 1-cocycles, the map 

^(G^ad^p)) x H x (G q , ad°(p))) -> H 2 (G q , ad°(p) ® ad°(p)(l)) 

is given by mapping a pair (01,02) to the (normalized) 2-cocycle defined by 
[/><?] := c i{f) ® C2{g)- If we compose this with the map on cohomology 
induced from the trace map 

ad°(p) ® ad°(p)(l) -> F(l) Trace(AB), 

we obtain the (normalized) 2-cocycle defined by [f,g] ■= Tr&ce(ci(f)c 2 (g)) G 
F(l). By Lemma 12.131 it follows that the pair (ci,C2) is mapped to 

Trace( £ c x (f )c 2 (t) + c 1 (^" 1 )c 2 (^ 1 ) - c 1 (^- 1 )c 2 (t)) G F. 
i=i 

Because ci restricted to Z' is a homomorphism, we have ci(f) = ic\{t). So 
the sum simplifies to 

ci(t)c 2 (t) i = c 1 (t)c 2 (t)q e - 1 (q £ - 1 -l)/2. 

i=l 
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As q 1 = 1 (mod £), this sum is zero unless £ = 2 and q = 3 (mod 4). In 
the latter case it is Ci(t)c2(t). For the same reason, the term Ci(t q ) = 
q e - 1 c 1 (t)=c 1 (t). 

To complete the proof of the lemma, it now suffices to show that we 
may replace C2(s e ~ 1 ) by — C2(s) (and similarly ci(s^ _1 ) by — Ci(s)). An easy 
calculation shows that Trace(ci(i)(cr — l)c 2 (s)) = 0. Also we have C2(s ) = 
(1 + a + . . . + cr )c 2 (s). Combining the previous two observations, we find 

Trace(ci(t)c 2 (s^ 1 )) = Trace(ci(t)(f - l)c 2 (s)) = -Trace (ci(t)c 2 (s)), 

as asserted. The argument for ci(s £_1 ) is analogous. ■ 



Proof of Lemma 12.131 By the Leray-Serre spectral sequence applied to 

Z' x (£- 1)Z C 71 x Z 

and the module F(l), we obtain an isomorphism 

H 2 (7l x Z, F(l)) = {H 2 (7l x {£ - 1)Z, F)(l)) z/(£ ~ 1) 

given by restriction. The point is that the action of 71 x {£ — 1)Z on F(l) 
is trivial (the residue field of the corresponding local Galois extension has 
order and hence contains a primitive £ — 1-th root of unity). Since both 
H 2 (. . .) terms are isomorphic to F, it is not necessary to take invariants on 
the right for there to be an isomorphism. So it suffices to show that the 
identification asserted in the lemma is given by first restricting normalized 
2-cocycles and then giving an isomorphism H 2 (Z' x (i — 1)Z, F) = F. 

For the latter we use the interpretation in terms of extension classes, 
cf. [Wb , §6.6. So let [., .] be a normalized 2-cocycle of the latter module. 
Then the corresponding extension G can be described as the group whose 
underlying elements are pairs (a, x), a € F, x G 71 x Z and whose composition 
law is given by (a, x)(b,y) = (a+x-b+ [x, y],xy). One easily verifies that G is 
split if and only if there exist a, b G F such that s := (a, s e ~ 1 ) and t := (b, t) 
satisfy 

st = t q s. 

In terms of 2-cocycles, G being split is equivalent to [., .] being a 2-coboun- 
dary. Using the composition law, one can compute both sides. Let us denote 
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the difference of the F-component by d([., .]), so that 

d([.,.])= lt\t} + [t«>-\s*- 1 }-[s i -\t). 
1=1 

We have d([., .]) = if and only if [., .] is a 1-coboundary. Furthermore d is 
F-linear and thus it induces an isomorphism 

H 2 (Z' x (£- 1)Z,F) ^ F. 

Given a 2-cocycle for Z'»Z, restricting it to Z' x — 1)Z and applying d 
yields precisely the formula in the lemma, and so its proof is completed. ■ 

2.3 Local deformations at r-places 

Regarding places at which p is ramified, one has the following results: 

Proposition 2.16 Suppose that~p(I v ) is of order prime to i. Define the 
functor C v : A — > Sets by 

{p: G v ->• GL n (R) | p (mod m R ) = p v , p(I v ) = p(Q, detp = 7] v } 

and L v as the corresponding subspace in H l (G v , ad°(p)). Then (C V ,L V ) sat- 
isfies the conditions P1-P7 of ITaf . the conductors of p v and of any lift 
p G C V (R), R G A agree, L v = H^ nT {G v , ad°(p)) and dim L v = h°(G v , ad°(p)). 

PROOF: Except for the assertion on conductors, this is essentially |Taj . Ex- 
ample El, and so we only prove the latter part. For any ring R G A and 
p G C V (R), let V P (R) denote the R[G V ] module defined by p. The kernel of 
GL n (_R) — > GL n (F) is a pro-£ group and thus prime to p. Therefore the Swan 
conductors of p and p v are the same. The module V P (R) is free over R and 
thus the difference of the conductors of the two representations is given by 

rank R V p (R) h -dim F V- Pv (Fy\ 

Since G v acts on both representations via the same quotient I v which is prime 
to £, there is a natural equivalence between i?[/,;]-representations which are 
free and finite over R and Ff/^-representations given by reduction modulo 
ttir. In particular both categories are semisimple and thus the above ex- 
pression is well-defined. Furthermore, this implies that the number of trivial 
components contained in V p (R), as an /^-module, is the same as that of 
V^(F), and hence that the above difference is zero, as asserted. ■ 
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Proposition 2.17 Suppose that ~p v is at most tamely ramified and that 
h°(G v , ad (p)) < h°(G v , ad(p)). Then there exists a pair (C v , L v ) which sat- 
isfies conditions P1-P7 of ITaf with L v = H^ nv (G v , ad°(p)) and dimL„ = 
h°(G v , ad°(p)) ; is compatible with r/ v and such that the conductors ofp v and 
any lift p G C V {R), R e A, agree. 

Remark 2.18 One can construct examples which show that the condition 
dimp ad°(p) G " < diniF ad(p) G " is necessary. The latter is automaticially 
satisfied if £J(n. 

Remark 2.19 If ~p(I v ) is of order prime to Ep, we may apply either Propo- 
sition l2~To1 or Proposition ^. 17l to obtain a pair (C v , L v ). The pairs so obtained 
do have similar properties and in fact, in Remark 12.251 we will explain why 
the two are isomorphic. 

In the remainder of this section, we shall give the proof of Proposi- 
tion 12.171 Since all representations that occur in the proof will factor via 
the tame quotient G qv of G v , we fix the usual generaters s, t satisfying the 
relation sts -1 = t qv . 

For B G GL n (W (¥)) we denote by V the corresponding W(F)[X] -module 
on W(F) n by having X act via B. Let Qf denote the fraction field of W(F). 
We say that B G GL n (W (F)) is a minimal lift of its reduction B G GL n (F), 
if V = ®iVi yS ®w{¥) Vi,u where the Vi? are iy(F)[X]-modules such that: 

(i) on V{ 7 u the matrix representing X is W (F)-conjugate to a regular unipo- 
tent matrix in Jordan form, 

(ii) on Vi tS the characteristic polynomial of X is irreducible and its roots 
are Teichmiiller lifts of elements in F. 

Lemma 2.20 Any B G GL n (F) has a minimal lift to GL n (W(F)). 

PROOF: Let V := F n be the F[X]-module V := F n obtained by having X 
acts as B. We choose a decomposition V = @Vi into indecomposable VJ. On 
Vi the action of X decomposes into commuting semisimple and a unipotent 
parts, defined over F. For instance by considering Jordan normal forms over 
F, one shows that correspondingly one has Vi = V^ s ®f V^ u where V^ s is 
a semisimple representation of X and Vi jU is a unipotent representation of 
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X. Because V \ is indecomposable, the characteristic polynomial of X on 
Vi )S is irreducible over F. For the same reason, the action of X on V ' i, u is 
by a regular unipotent matrix. So we may assume that the operation of X 
on Vi tS is given by a companion matrix whose characteristic polynomial is 
irreducible over F, and on Vi tU by a single Jordan block with eigenvalue 1. 

We now lift X on Vi )U to a single Jordan block with eigenvalue 1 over 
W(F) and X on Vi U to a companion matrix with eigenvalues the Teichmuller 
lifts of those of X on V^ u . The corresponding representations Vi )U and Vi )S 
combine to give a representation of W(F)[X] on V = Q)iV itS <8>w(F) Vi,u which 
has all the required properties. Therefore the matrix representing this X is 
a minimal lift of B. ■ 

We first prove the following result, of which part (a) in the case where 
p(I v ) is an £-group is |Bolj . Proposition 3.2. 

Proposition 2.21 Let B be a minimal lift of B := ~p(t). 

(i) M := M n (W(F))/{AB - B*>A \ A G W(F)} is flat over W{F). 

(ii) There exists a lift po : Gv — ►» G v — >■ GL n (W(F)) with po(t) = B. 

PROOF: Let X and the Vi? be as in the definition of minimal lift of B. It 
is not difficult to see from condition (ii) that we may assume that X on Vi tS 
is given as a companion matrix Bi )S . Let now F' be a finite extension of F 
which contains all eigenvalues of B. Then clearly over W(F') the companion 
matrices B i s may be diagonalized. Moreover this diagonalization procedure 

commutes with reduction modulo I. Since the base change <2)w(F) W(F') 

is faithfully flat, we will from now on for the proof of (a) assume that F 
contains all the eigenvalues of B. 

Reordering matrices in Jordan form and using the relation ABA = B 9 " 
it is easy to prove the following lemma. We leave details to the reader. 

Lemma 2.22 There exist p,i e F with Teichmuller lifts p,i and rrii G N, 
i — I, . . . , d, such that 

(i) pf = pi, 

j 

(ii) the elements pf" , i = 1, . . . , d, j = 1, . . . , rrii are pairwise disjoint and 
form a complete list of the eigenvalues of B := ~p(t), and 
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(Hi) with respect to a suitable basis one has 
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is a square matrix, and for fixed i the Bij can be written as Bij 

2-1 

P% Ui, for some unipotent Ui in Jordan form, independent of j . 
Furthermore if B is given as above, then A := p(s) takes the form 
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such that the Aij satisfy the relation AijUi = U^Aij. 
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We apply Proposition 12.211 (b) in the case £/(#p(I v ), covered by [B61 j5 to 
obtain matrices A 0tit j over W(F) that satisfy A 0ti jUi = Uf v Aq^j for all i,j 
and whose reduction modulo i agree with Aij. Let Aq be composed from the 
A 0ji j in the same way as A is from the A^j. Then A is a lift to W(F) of A 
such that AqBAq 1 = B qv . (This proves (b) only under the further hypothesis 
that F contains all eigenvalues of B.) 

We now consider the exact sequence 







K -> M n (W{F)) A ^ A Jt^ qvA M n (W(F)) ^M^O 



(7) 



where K := {A e W(F) : AB = B Qv A}. To complete (a), we need to show 
that the generic rank of A4 is the same as its special rank. To simplify the 
problem we apply the isomorphism M n {W(F)) — > M n {W(F)) : A \— > A^ l A 
to the middle terms in (JJJ). This yields the isomorphic exact sequence 







K! M n (W{F)) A '^ A ^ BA ' M n {W{F)) -f M! -»• 0, 



with kernel K! = {A' e M n (W(F)) : A'B = BA'} = Kf, and cokernel 
M' = M n (W(F))/{A'B - BA' \ A' e W(F)} = M. We need to prove that 
the generic and special ranks of M! agree. 
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Counting dimensions in the above short exact sequence and its reduction 
modulo £, it suffices to show that the dimension of K! ®w{f) Qf and of 
K. := {A g M n (F) | AB = BA} agree. Because the B it j have distinct 

eigenvalues modulo £, the matrices A' G k! and A 1 G /C, respectively, will 
have the same block form as B. So we may consider blocks for each pair i, j 
separately. Therefore it suffices to prove the assertion in the case where B is 
a single Jordan block with eigenvalue 1. This case was treated explicitly in 
the proof of |Bolj . Proposition 3.2. The proof of (a) is now complete. 

It remains to deduce (b) from (a). Because M. is flat, the reduction mod 
£ of the exact sequence [7| remains exact, and so the kernel of the reduction is 
K/£K,. The matrix A = p(s) G M n (F) lies in this kernel and is therefore the 
reduction modulo £ of a matrix A G K. Because A and B satisfy the same 
relations as s, t the desired lift exists. ■ 



As a corollary to the above proof, we record the following technical result, 
obtained by base change and using flatness. 

Corollary 2.23 Suppose B G GL n {W(¥)) is a minimal lift of B G 
GL„(F). Then for any Re A the submodules JC(R) := {A G M n (R) : AB = 
Bio A} and := e M n (R) : AB = BA} of M n (R) are free and direct 

summands of R- rank independent of R. Moreover IC'(R) = Aq 1 K,(R) for Aq 
as in the above proof. 



Proof of Proposition 12.171 Let &i, . . . , b m be parts of a basis of /C(W(F)). 
We shall specify more requirements on these elements below. Let xi,...,x m 
be indeterminates and define 

S v := A + J2 x i b i e GL n {R), % := B, 

R v := W{F)[[x u x m ]]/(detS v - r} v (s)), 
p v : G v — h> Z' xi Z — > GL n (R v ) : s i— >■ S v , 1 1— > %, 
and the functor C v : A — > Sets by 

R i-> C V {R) := {p: G v -> GL n (R) \ 3a G Rom A (R v , R), 

3M G 1 +M n (m R ) : p = M(a o p v )M~ l } . 
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Let L v be the corresponding subspace L v C H 1 (G v ,a,d°(p)). As p v (t) 
does not deform, the subspace L v lies inside 

#L(^,ad°(p)) - ad°(p)V( S - l)ad°(pf- 

We denote by b\, . . . ,b m e /C(F) the reductions of the fej modulo I. So the 
elements A bi lie in /C'(F) = ad°(p)', and an explicit calculation shows 
that L v is spanned by the images in ad°(p) /(s — l)ad°(p)* of those linear 
combinations ^XiA bi, Xi G F, which are consistent with the determinant 
condition det<S„ = r)(s). 

The latter condition modulo (£, m 2 R ) means 

detA = det A- det(I + AT 1 Xibi)), i.e., 
1 = 1 + ^Xi Trace (A~%). 

Thus the above linear combinations satisfy J2xiTr&ce(A %) = 0. 

Now we fix the choice of the 6j. Namely, we take them as a subset of 
K(W(F)) whose reductions modulo I forms a basis of K,(F)/{X A — AX : 
X E /C(F)}. The elements A bi then form a basis of 

ad(p)7(s - l)ad(p)* = ^'(^/{Iir 1 -1:16 /C'(F)}. 

To pass from ad(p) to ad°(p) we use our assumption 

h°(G v M(p)) >h (G v , a d°(p)). 

Because (ad(j)) Iv ) Gv ^ Iv = (&d(~p) Iv )c v /i v as an F-vector space, and simi- 
larly for ad°(p), we deduce that (ad(p)*)/(s — l)ad(p)* properly contains 
(ad°(p)*)/ (s — l)ad°(p)*. This in turn shows that any element of the module 
(ad°(p)*)/(s — l)ad°(p)* can be obtained as a linear combination ^XiA bi 
which satisfies ^ i x{Yia,ce(A bi) = 0. This has two consequences: Firstly 
we have L v = H* nr (G V: ad°(p)); secondly the relation det«S„ = r](s) allows 
one to eliminate one of the variables Xi, since this is possible tangentially, 
and so R v is smooth of relative dimension dimL v over W(F). 

Note also that the determinant of p v is the Teichmiiller lift of that of 
p v : For p v (t), this follows from the construction of B, for p v (s) from the 
definition of R v . This implies the result in general, since p v is only tamely 
ramified. 
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Let us now verify properties P1-P7 of jTaj . As expected the only property 
that is non-trivial is P4. To verify it, suppose we are given rings R\, i? 2 G A, 
lifts pi G C v (Ri), ideals Ij G Rj, and an identification R\jl\ = R2/I2 under 
which pi(mod Ji) = p 2 (mod I2). We need to show that (pi,p 2 ) lies in C V (R) 
for 

R := {(7*1, r 2 ) G i?i © i?2 : r i (mod Ji) = r 2 (mod J 2 )}. 

So let CKj G Hom v 4(i? 1) , and Mj G GL n (i2j) such that pi = M^cti o 
p v )Mf , i — 1,2. We claim that there exists a G Hom v 4(i?„, i?) and M G 
GL n (i?) with M = J(modm R ) such that (pi, p 2 ) = M(a o p v )M~ 1 . By 
conjugating p x by some lift of M 2 (mod l\) to Rx, we may assume M 2 = J. 

By an inductive argument, which is left to the reader, one can show the 
following auxiliary result: 

Lemma 2.24 Suppose R G A, J is a proper ideal of R, A' G A+Y^ Pih + 
M n (J) for some $ G R and that A'B = B qv A'. Then there exists (3[ G R 
with f3[ — Pi G J and C G I + M n ( J) such that 

a' = c(a + Y,PJ>)c-\ 

Continuing with the proof of Proposition 12 . 1 7l observe that the condition 

M 1 (a 1 o p v )M^ (mod h) = a 2 op v (mod J 2 ) (8) 

applied to t implies that M\ (mod I\) commutes with B. By Corollary 12.231 
we can find a lift M\ G M n (R{) of M\ (mod l\) which commutes with B. 

Because of (JBJ) and the choice of M\, we can apply the above lemma to 
A' := Ml(cxi o p v (s))M{ 1 . It yields a[ : R v -> i?i and C G / + Af n (ii) such 
that 

CVi M*))^ 1 = Mi(ai o p^Mf 1 
and a; (mod I x ) = a 2 (mod J 2 ). Define (5 := M X M^ X C el + M n {h). Then 

C(ai o p^C- 1 = M x (oci o p„)Mf 1 = Pl 

Therefore, if we set M := ((7, 7) G I + M n (m R ) and a := (a' 1; a 2 ) : R v R, 
we have 

(p 1; p 2 ) = M(aop,)M" 1 , 
and so the proof of P4, and hence of all the axioms of Taylor, is completed. 
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It remains to prove the assertion on the conductors. As in the proof of 
Proposition 12.161 the difference in conductors is given by 



dim^/^-dimpV^F/", 

where the notation is analogous to that in the quoted proof. Since I v is 
topologically generated by the single element t, whose image is the image of 
the matrix B G GL n (W(F)), this difference is given by 

dxm R K'{R) -dimpK^F). 

By Corollary 12.231 this difference is zero. This shows that the conductors of 
p and p v agree. ■ 



Remark 2.25 Suppose now that the image of I v under p is of order prime 
to £p. Let (p' v , R' v ) be the versal deformation constructed in Proposition 12.161 
and (p v , R v ) the one constructed in the previous proof. 

The representation p v was constructed so that p v {t) was a minimal lift of 
B. Because £ does not divide #p(I v ), the matrix B is completely reducible. 
So the Vi tU in the definition of minimal lift are 1-dimensional. Therefore p v (t) 
is completely reducible and of finite order prime to I. 

The universal property of (p' v , R' v ) shows that there is a morphism R' — > 
R v which induces p v form p' v . Because it is an isomorphism on mod I tangent 
spaces, the morphism is surjective. Since both rings are smooth of the same 
dimension it must be bijective. This shows that the two deformations agree. 

2.4 Proof of Theorem 12.11 and the key lemma 

Proof of Lemma [2~71 We first prove 

Claim 1: There exists a finite set T" of i?-places of type (II) and for 
each .R-place v G T" a choice of eigenvalue A„, as in the definition, such that 

H\ Lv} {T' U T", ad°(p)) n H\G&\(E{Q)/K), M„°(F)) = 0, (9) 

^ } (T'UT",ad°(p)(l)) niJ 1 (Gal( J E;(C,)/^),M n (F)(l)) = 0. (10) 
We only give the proof of ©, the one of (|T0|) being analogous. 
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Let ci, . . . , a s be the different .R-classes of type (II). For a i} let Ajj, j = 
1, . . . , rrii, be the list of eigenvalues in F of multiplicity 2 (in the characteristic 
polynomial). Pick unramified places Vij, i — 1, . . . , s, j — 1, . . . , such that 
Frob^ . = 0, for all Let (C Vij ,L Vij ) be the deformation problem defined 
in Section l2~2l for the pair (vij,Xij) and let T" := {vij : z = 1, ...,s,j = 
1, . . . , m*}. We consider the following commuting diagram: 

iJ 1 (Gal(E(0)/^), ad°(p)) n ff|i, } (r, ad°(p)) - n H\(a v ), ad°(pk) 

uGT" 



n^^G^ad^p))/^. 

v£T" 

The kernel of the bottom row is Hhy(T' U T",ad°(p)). By assump- 
tion there are sufficiently many _R-classes for (C v , L v ) v( z S , and so the top 
horizontal arrow is injective. For each i, the image of the top left term in 
Y[j=i mi H 1 ((<J Vij ),ad°(p) (7v _) is diagonal. Therefore we may replace the 
top right term by Yli H l ({ai), ad (p)o-J and still retain the injectivity of the 
top horizontal map. Below we show that the induced right vertical arrow 

Il^CW.ad ^) - Y[H\G v M°ffl/Lv (11) 

i v£T" 

is injective. An easy diagram chase then shows that the intersection of 
#f M (T'UT",ad°(p)) and H\Ga\(E(Q) / K), ad°(p)) is zero, as desired. 
The injectivity of (fTT|) may be verified on the morphisms 

^(M.ad ^)— ► J] H\G Vi .^d\p))/L v . p 

j=\,...,rrn 

individually. The representation ad°(p) (Ji itself is a direct sum of adjoint 
representations on 2 x 2 blocks of matrices of trace zero. Furthermore, 
the image of F 1 ((0 i ), ad°(p) CT .) lies in Hl m (G Vi ., ad°(p))/ L^.^. .^, and 
Hum(G ViJ , ad°(p)) itself breaks up into a direct sum over pieces correspond- 
ing to the rational canonical form of p(0«). So one is reduced to consider a 
single 2x2 block, and we may assume n = 2 and = 1. But then L„ jUnr = 
(v = Vij) and the map 

// 1 ((0 i ),ad°(p)) — HUG^^d°(p)) 



i/J L4 (T',ad (p)) 
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is simply given by inflation and is thus injective. Note finally that (JSJ) is pre- 
served under adding further .R-primes to T" . We have thus proved Claim 1. 

By enlarging T' if necessary, we assume from now on that JHJ) and (|l(Jj) 
hold with T" = 0. We now induct on the dimension of H} r± JT', ad Cp)) and 

\ v J _____ 

assume it contains a non-zero cocycle 0. By the formula in Remark 12.61 and 
our assumptions, the space Hh-, (T", ad°(p)) contains a non-zero cocycle ip, 
as well. 

Claim 2: There exists w G X \ T' and an admissible pair (C W ,L W ) 
compatible with rj such that the following hold: 

(i) n — 1 — dimL^ = dimL^m- + 1, 

(ii) (j) does not map to zero in if^G^, ad°(p)(l))/L^ and 

(iii) the space (H^ m (G w , ad°(p)) + L W ) / L w lies in the image of the morphism 

H l {Lv} (T'^d°(p)) - H^GvM ®)/^- 

Suppose for a moment that we have proved the above claim and let T" := 
T' U {w}. The argument given in [Taj , proof of Lemma 1.2, then shows, by 
using (i),(iii), that 

H {Lv} veSUT ,( T '> ad °(p)) = H {L v } veSuT ,u{L w +HU(G v M°(p))}( T "> ad °^))' 
and by using (ii), that 

Hh, (T",ad°Cp)) ^ H) T , 11/r .mrr 1 o^n( T "> ad°(p)). 

is a proper containment, so that the proof of the lemma is completed. 

The above claim is clearly implied by the following Claim 3, which we 
prove below: There exists w G X \ T' and an admissible pair (C w , L w ) com- 
patible with 7] such that (i) above holds and furthermore 

(ii') does not map to zero in H^iG^ ad (p)(l))/L^ unr , and 
(iii') ip does not map to zero in H^ m (G w , ad°(/J))/ L w>nm (= F). 

To prove Claim 3, note that conditions (jHJ) and (fTU|) imply that the cycles 
ip and <p restrict to non-zero homomorphisms 

0: G £(c ,) ^ (ad°(p))(l) and ^ : G E{Cl ) -> ad° (p) . 
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Let E,/) and be the fixed fields of the respective kernels. Depending 
on whether the cyclotomic character x is trivial, they may or may not be 
equal. The induced morphisms on Ga\(E^/ E(Q)) and Gal(E^/ E(Q)), re- 
spectively, are equivariant for Gal(E(Q)/ K). Because ad°(p) is irreducible 
as a F^[im(p)] -module, the morphisms 0, ip are bijective. Thereby the group 
V := Ga^E^E^/ 'E(Q)) may be regarded as an F[Gal(E(Q)/K)]-module 
which surjects onto ad°(p) and ad°(p)(l). 

Let now a G Gal(E((e)/K) be an i?-class. Recall that the subspaces L unr ^ 
of ad°(p)/(o- - l)ad°(p), and L^ ma of ad°(p)(l)/(a - l)ad°(p)(l), defined 

after Corollary 12.151 are °f codimension one with respect to F. Define L nnr)Cr 
and L^ nr CT as the corresponding 1-codimensional subspaces in ad°(p) and 
ad°(p)(l), respectively. Each of the conditions 

ip(r) G -ip(a) + Z unrj(T and 0(r) G -0(5") + L^ I>a , 

t G V = Gal^E^E^/ E(Q)), determines a hyperplane in the F- vector space 
V. As we assumed |F| > 2, the join of these two hyperplanes cannot span 
all of V, and hence there exists r G Gal(E^,E^/ 'E(Q)) which lies on neither. 
We fix such a r and define f := to . 

The extension E^E^ is Galois over K, and therefore by the Cebotarev 
density theorem, we can choose a place w in X\T' such that Frob^, = f. Take 
C w and L w as constructed in Section so that by Proposition 12.101 condi- 
tion (i) is satisfied and (C w , L w ) is compatible with 77. Condition (ii') is satis- 
fied, since the image of in H^ nv (G w , ad°(p)) is given by 0(Frob„,) = 0(f) = 
0(r) + 0(5") G ad°(p)/(s — l)ad°(p), and hence does not lie in L CT;Unr . Asser- 
tion (iii') is shown in the same way, and whence the proof of the Lemma f2. 71 
is completed. ■ 



Proof of Theorem 12.11 By enlarging X if necessary, we may assume that 
p ramifies at all places of S. Using Propositions 12.161 and 12.171 there ex- 
ist locally admissible pairs (C v , L v ) v£ s compatible with r] for which one has 
dimL„ = h°(G v , ad°(p)) and such that the conductor (at v) of any lift of 
type C v is the same as that of p v . 

We claim that if p admits sufficiently many i?-classes, then it admits 
sufficiently many i?-classes for (C v , L v ) ve s- We only verify the first of the two 
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conditions. For this consider the diagram: 

H\Ga\(E((i)/K), ad°(p)) rUs H\p(I v ), ad°(p)) 

flJ M (0,ad°(p)) ^Yl veS H\G v , a d°(p))/L v 

To prove the claim, it suffices to show that the right vertical arrow is injec- 
tive. By the propositions quoted above, we have L v = H] im .{G Vl ad°(p)) 
for v G S and thus by the inflation restriction sequence the morphism 
H 1 (G v ,ajd°(p))/L v <— > H l (I v , ad°(p)) is a monomorphism. Therefore it suf- 
fices to show for each v that 

H l {p{I v )M\p)) — h\i v m\p)) 

is injective. This is clear since it is an inflation map. 

Applying Lemmas 12 . 51 and 12 . 71 the assertions of theorem are now straight- 
forward. ■ 
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